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Abstract
In this article we study weak gravitational lensing of regular Bardeen
black hole which has scalar charge g and mass m. We investigate the
angular position and magnification of non-relativistic images in two
cases depending on the presence or absence of photon sphere. Defining
dimensionless charge parameter q = g
2m we seek to disappear photon
sphere in the case of |q| > 24√5/125 for which the space time metric
encounters strongly with naked singularities. We specify the basic pa-
rameters of lensing in terms of scalar charge by using the perturbative
method and found that the parity of images is different in two cases:
(a) The strongly naked singularities is present in the space time. (b)
singularity of space time is weak or is eliminated (the black hole lens).
1 Introduction
When the light ray passes from the vicinity of a massive object it is deflected
because of the interaction between light and gravitational field of the massive
object. So each massive object can act like a lens and causes a phenomena
called gravitational lensing. Depending on the amount of light deflection, the
gravitational lensing is divided to weak and strong ranges. Weak deflection
limit occurs when light ray passes far away from the photon sphere whereas
strong deflection limit occurs when light ray passes from the vicinity of the
photon sphere. In the latter case it may turn around the lens once or more
and relativistic images are formed. Light rays which pass from the inside of
the photon sphere cannot escape from the gravitational field of lens, so no
images can be created. Many articles have investigated gravitational lensing
by using analytical approach in the weak [1-7] and strong [8-17] deflection
limits. Besides, numerical methods is also used to study the gravitational
lensing of black holes and naked singularities [18-23]. Furthermore different
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approaches such as Amore et. al [24,25] and Ayer et. al [26] in the study
of gravitational lensing are presented. Gravitational lensing is a powerful
observational tool for probing black holes at the center of galaxies. In arti-
cle [27] different approaches of gravitational lensing along with observational
prospects are reviewed. Cosmological and black hole solutions which cause to
make singularities in general relativity are important subject because of the
divergence of curvature. Regular black holes are metric solutions which con-
tain horizons but without singularities. The first regular black hole (RBH)
which is introduced by Bardeen [28], has both event and Cauchy horizons,
but with a regular center. Borde showed [29-30] that the absence of the sin-
gularity is related to topology change in de-Sitter like core. Bardeen black
hole is spherically symmetric static solution of the Einstein field equations
coupled to a nonlinear electrodynamics source [31] containing two charac-
teristics namely charge g and mass m. Gravitational lensing of the regular
Bardeen black hole was studied in the strong deflection limit by Eiroa and
Sendra [17]. They used Bozza method [9] to calculate deflection angle for
small values of scalar charge |q| < qph where qph = 24
√
5
125
≈ 0.43 and obtained
the positions and magnifications of the relativistic images. They also applied
the results to a supermassive black hole located at the center of assumed
Galaxy.
In this paper we have studied gravitational lensing of Bardeen metric in weak
deflection limit in cases where the lens treats as black hole and naked singu-
larities. We use perturbation approach presented by Keeton et. al [5] and
find positions of primary and secondary non-relativistic images. We should
point that all image angular positions are re-scaled to angular Einstein radius
(ϑE) throughout this paper. Organization of the paper is given as follows.
In section 2 we define the Bardeen black hole metric. We specify Taylor series
expansion of the elliptical integral of deflection angle of light ray in terms of
the inverse of dimensionless impact parameter u = b
2m
= 1
2m
∣∣L
E
∣∣ > 1 where
m, L and E are the mass of gravitational lens, the constant angular momen-
tum and the energy of light ray respectively. We also identify the locations
of the horizons and the photon sphere of the Bardeen black hole (lens). In
section 3 we use Virbhadra-Ellis lens equation [21] and find its Taylor series
expansion in terms of u. Then we determine the non-relativistic image posi-
tions. In section 4 we obtain the magnification of the images by using Taylor
series expansion of the magnification equation. Total and weighted-centroid
magnifications are also evaluated. In section 5 we discuss results of the our
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work.
2 Bardeen black holes and deflection angle
Regular black holes, are the solutions of the gravity equations for which an
event horizon exist, although there is no singularity. Usually they are sup-
ported by nonlinear electromagnetic fields and so they have at least two char-
acteristics namely mass m and charge g [28,32]. They are good candidates
for the supper-massive Galactic black holes treated as particle accelerators
[33]. The first RBH metric was introduced by Bardeen as follows
ds2 = −A(r)dt2 +B(r)dr2 + C(r)(dθ2 + sin2 θdϕ2) (2.1)
where
A(r) = 1− 2mr
2(
r2 + g2
)3/2 , B(r) = 1A(r) , C(r) = r2 (2.2)
It can be interpreted as a magnetic solution of the Einstein equations coupled
to nonlinear electrodynamics [31]. Its Ricci and Kretchmann scalars are
calculated as
Rµµ =
6mg2 (4 g2 − r2)
(r2 + g2)7/2
(2.3)
and
RµνηλR
µνηλ =
12m2 (4 r8 − 12 g2r6 + 47 g4r4 − 4 g6r2 + 8 g8)
(r2 + g2)7
(2.4)
which have regular values in all points of the space-time for g 6= 0. The above
black hole metric reduces to de-Sitter like space-time in small r. Defining a
dimensionless parameter called scalar charge as
q =
g
2m
(2.5)
one can obtain that the Bardeen black hole reduces to Schwarzschild space-
time for q = 0 and also for in regions with large r (in the case of q 6= 0).
Its horizons disappear for |q| > qh where qh = 2
√
3
9
≈ 0.38 and its photon
sphere also disappears for |q| < qph (qph = 24
√
5
125
≈ 0.43), so that we have
three cases in study of gravitational lensing: (i) Regular black hole (RBH)
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in case |q| < qh. (ii) weakly naked singularity (WNS) in case qh < |q| < qph.
(iii) strongly naked singularity (SNS) in case |q| > qph.
It is convenient to use dimensionless elements of the metric as
dS2 = (2m)−2ds2 = −A(x)dT 2 +B(x)dx2 + C(x)dΩ2 (2.6)
where we define
x =
r
2m
, T =
t
2m
(2.7)
and
A(x) = B(x)−1 = 1− x
2(
x2 + q2
)3/2 , C(x) = x2. (2.8)
We can determine locations of the apparent and event horizons of the Bardeen
black hole xh by solving the equation A(xh) = 0 as
x6h + (3q
2 − 1)x4h + 3q4x2h + q6 = 0 . (2.9)
Diagram of the above equation is plotted against q in figure 1 (dotted line).
The photon sphere radius xps is given by the largest positive solution of the
following equation [34] (see also Eq. 29 in Ref. [27]).
C ′(xps)
C(xps)
=
A′(xps)
A(xps)
(2.10)
where the prime denotes differentiation with respect to x. Inserting (2.8)
into (2.10), this equation leads to
4(x2ps + q
2)5 − 9x8ps = 0 . (2.11)
Diagram of the above equation is plotted against q in figure 1 (solid line).
Deflection angle of light ray coming from infinity is specified by solving the
geodesic equation as
α(r0) = 2∆φ(r0)− pi (2.12)
where r0 > rps is closest approach distance of the light ray from center of the
Bardeen black hole. Also we have [27]:
∆φ(r0) = b
∫ ∞
r0
(
B(r)
C(r)
)1/2(
C(r)
A(r)
− b2
)−1/2
dr (2.13)
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in which impact parameter b is defined as
b =
√
C(r0)
A(r0)
. (2.14)
Applying (2.7) and (2.8), the equations defined by (2.13) and (2.14) lead to
the following forms respectively
∆φ(x0) =
∫ ∞
x0
x0dx
x
√
x2
(
1− x20(
x2
0
+q2
)3/2
)
− x20
(
1− x2(
x2+q2
)3/2
) (2.15)
and
b
2m
=
x0√
1− x20/(x20 + q2)3/2
. (2.16)
Using the transformation z = x0
x
, the equation (2.15) can be rewritten as
follows.
∆φ(x0) =
∫
1
0
dz√
1− x20(
x2
0
+q2
)3/2 − z2 + x20z3(
x2
0
+q2z2
)3/2 (2.17)
which diverges to infinity at z = 1. If we want to evaluate (2.17) in limits of
weak gravitational lensing where x0 >> 1, we must be find its Taylor series
expansion about 1
x0
and integrate it term by term as follows.
α(x0) =
2
x0
+
(15pi
16
− 1
) 1
x20
+
(61
12
− 15pi
16
− 4q2
) 1
x30
+
(
3465pi
1024
− 65
8
+
(15
2
− 315pi
64
)
q2
)
1
x40
+
(
7783
320
− 3465pi
512
+
(90pi
8
− 195
4
)
q2 + 6q4
)
1
x50
+O
(
1
x60
)
. (2.18)
The above convergent series expansion is described in terms of closest dis-
tance x0 > 1 which it is coordinate dependent. But we should rewrite (2.18)
against coordinate invariant expression such as impact parameter of the light
ray b =
∣∣L
E
∣∣ . This is a good candidate for our purpose where L and E are
the constants of angular momentum and energy of the light ray respectively
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[35]. This constant like the black hole mass m and charge g is invariant so
the above expansion series described in terms of b is coordinate-free. Fur-
thermore we should note that in the weak gravitational lensing approach we
must set m/b << 1 which is equivalent to x0 >> 1. Therefore we need Taylor
series expansion of the function x0(b) obtained from (2.16) as follow.
1
x0
=
2m
b
+
1
2
(2m
b
)2
+
5
8
(2m
b
)3
+(2−3
2
q2)
(2m
b
)4
+
(231
64
−21
4
q2
)(2m
b
)5
+· · · .
(2.19)
Substituting (2.19) the equation (2.18) become
αq(u > 1) =
A1
u
+
A2
u2
+
A3
u3
+
A4
u4
+
A5
u5
+ · · · (2.20)
where u = b
2m
is dimensionless impact parameter and
A1 = 2 , A2 =
15pi
16
, A3 =
4
3
(
4− 3q2) , A4 = 315pi
1024
(
11− 16q2),
A5 =
2
5
(
56− 120q2 + 15q4) . (2.21)
The Taylor series expansion (2.20) remains convergent for u > n
√
An ;n =
1, 2, 3, · · · even if we choose large scalar charge values (|q| > qph) i.e. for
SNS. Diagram of the deflection angle equation (2.20) is plotted against u for
different values of scalar charge q in figure 2. Figure 2-a shows that for RBH
and WNS with fixed |q|, the deflection angle decreases with respect to im-
pact parameter whereas in case of SNS, there are some values of q for which
the diagram is not treat monotonously. We should note that the relativistic
images are formed when α ≥ 3pi
2
≈ 4.71. We focus here on non-relativistic
images for which diagrams in figure 2 are only valid for α < 4.71 .
3 Lens equation and Image positions
We take Virbhadra-Ellis lens equation [21] as
tanB = tanϑ−D(tanϑ+ tan(α− ϑ)) (3.1)
where B and ϑ are source and image angular positions measured from the
optical axis respectively, and D is defined as
D =
dls
dos
(3.2)
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where dls and dos are source-lens and source-observer distance respectively
(see figure 3). One of important quantities in study of the gravitational
lensing is angular radius of Einstein rings
ϑE =
√
4GmD
c2dol
(3.3)
where G, c, m and dol are Newton‘s gravitational constant, speed of light,
lens mass and lens-observer distance respectively. Now, we define re-scaled
angular parameters as
β =
B
ϑE
, θ =
ϑ
ϑE
. (3.4)
According to the postulate presented by Keeton [35], solutions of the lens
equation (3.1) are assumed to be have Taylor series expansion as
θ = θ0 + θ1ε+ θ2ε
2 + · · · (3.5)
where θ0 is expected to be the image position in the weak deflection limit
and the coefficients θ1, θ2, · · · , are correction terms of the image positions
which should be determined. Dimensionless parameter |ε| < 1 is considered
to be order parameter of the perturbation expansion as
ε =
2m
b
=
1
u
, u > 1 . (3.6)
Inserting (2.20), (2.21), (3.5) and (3.6) the equation (3.1) reduces to the
following coefficients
θ0 =
1
2
(
β +
√
β2 + 4
)
, (3.7)
θ1 =
15pi(β2 − β
√
β2 + 4 + 4)
64(β2 + 4)
(3.8)
and
θ2 =
1
6144 (β2 + 4)2
[ (−2048D2 − 675pi2 − 6144q2 + 12288) (β2 + 4)5/2+
3β
(
2048D2 + 225pi2 + 2048q2 − 4096) (β2 + 4)2 + 1350√β2 + 4pi2+
(
28672D2 + 1350pi2 + 12288q2 − 24576D− 24576) (β2 + 4)3/2 ] . (3.9)
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Applying the above coefficients, the equation (3.5), up to terms in order ε3
become
θ(β; q) ≈ 1
24576 (β2 + 4)2
[[ (−675pi2 + 24064)β4 − 2880piβ3+
(−4050pi2 + 162816)β2 − 11520piβ − 4050pi2 + 266240]√β2 + 4+(
675pi2 + 1536
)
β5 + 2880piβ4 +
(
5400pi2 + 12288
)
β3 + 23040piβ2+
(
10800pi2 + 24576
)
β + 46080pi
]
−
(
(β2 + 2)
√
β2 + 4− β (β2 + 4)
)
q2
4β2 + 16
(3.10)
where we set D = 0.5 and ε = 0.5 (i.e. q = m). Diagram of the image
angular position (3.10) is plotted against β in figure 4 by using different
values of the scalar charge q. In figure 4-a we can see that for q < qph, image
angular positions have always positive values while will be take negative
values for q ≥ qph (see figure 4-b). This means that in case the SNS lens we
encounter with image parity transition. It should be noted that the primary
(secondary) images θ+ (θ−) correspond to the region β > 0 (β < 0), namely
they are formed in opposite side of the lens such that θ−(β) = θ+(−β).
When we choose |q| < qph (|q| > qph) the images are formed in the presence
(absence) of photon sphere of the Bardeen black hole.
The radius of Einstein rings θE = |θq(0)| are determined on the vertical axes
of the figure 4 with β = 0. Corresponding equation is given in terms of the
parameters D, q and ε as follows
θE =
∣∣∣∣1 + 15piε64 +
(
20D2
12
− 2D − 675pi
2
8192
− q2 + 2
)
ε2 + · · ·
∣∣∣∣ . (3.11)
Radius of Einstein rings are given on vertical axis of figure 4 where the curves
are cross with it (β = 0). Radius of rings takes smaller values by increasing
scalar charge value for |q| < qph monotonically but not in case |q| > qph. In
the next section we study magnifications of the determined images.
4 Magnifications
It is well known that the gravitational lensing conserves surface brightness
(because of Liouville‘s theorem), but it changes the apparent solid angle of
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the source. The magnification of an image is defined by the ratio between
the solid angles of the image and the source. It is evaluated by
µ = |µt µr| (4.1)
in which the tangential and radial magnification are given by µt = (
sinβ
sin θ
)−1
and µr = (
dβ
dθ
)−1 respectively. Now, we need to obtain expansion series form
of the function µ against ε as follows
µ = µ0 + µ1ε+ µ2ε
2 + · · · (4.2)
where
µ0 =
(β2 + 2)
√
β2 + 4 + β (β2 + 4)
2β (β2 + 4)
, (4.3)
µ1 = − 15pi
32 (β2 + 4)3/2
(4.4)
and
µ2 =
1
3072β (β2 + 4)3
[
−
√
β2 + 4
(
2048D2β4 + 61440D2β2 + 2025pi2β2+
18432β2q2−36864 (D)β2+180224D2+8100pi2−36864β2+61440q2−122880D
−122880)+ β (β2 + 4) (16384D2 + 2025pi2 + 6144q2 − 12288D − 12288) ] .
(4.5)
The above coefficients have positive parity µ+ because they are related to
primary images θ+. If we want to derive magnification with negative parity
µ− obtained from secondary images θ−, we must replace β in the equation
(4.2) with −β as
µ−(β) ≡ µ+(−β) . (4.6)
In cases of gravitational micro-lensing made from distant sources for which
positions of primary and secondary images are so close and practically in-
distinguishable, then total magnification µtot and magnification-weighted cen-
troid µcent are two main factors in study of the gravitational lensing. They
are defined as
µtot = |µ+|+ |µ−| (4.7)
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and
µcent =
θ+|µ+|+ θ−|µ−|
|µ+| − |µ−| . (4.8)
Using (4.2), (4.3), (4.4), (4.5) and (4.6) one can obtain Taylor series expansion
of the equations (4.7) and (4.8) respectively as follows.
µtot =
β2 + 2
β
√
β2 + 4
+
1
4
[
1024
(
β2 + 4
) (
β2 + 18
)
D2 + 6144
(
β2 + 4
) (
q2 − 2D)
+2025pi2 − 12288β2 − 49152
]
ε2 + · · · (4.9)
and
µcent =
(β2 + 3) β
β2 + 2
− β (β
2 + 2)
5
1536 (β2 + 4)8
[
− 1024 (β2 + 4) (β4 + 9β2 − 2)D2
+2025pi2 + 6144β2
(
β2 + 4
)
D + 6144
(
q2 − 2) (β2 + 4) ]ε2 + · · · . (4.10)
Setting D = 0.5, ε = 0.5 and applying (4.3), (4.4) and (4.5), one can rewrite
the magnification (4.2) against β and q as that
µ[θ0(β); q] ≈ θ0
4
θ0
4 − 1 −
15piθ0
3
64
(
θ0
2 + 1
)3 + 1
6144
(
θ20
(
θ0
2 + 1
)2 − 1)5×
[
θ0
2
(
6144q2θ0
6 + 256θ0
8 + 2025pi2θ0
4 + 12288 q2θ0
4 − 13824θ06+
6144θ0
2q2 − 28160θ04 − 13824θ02 + 256
)]
+ · · · (4.11)
where θ0(β) should be evaluated from the equation (3.7). Setting D = 0.5,
ε = 0.5 one can derive total magnification (4.9) and magnification-weighted
centroid (4.10) respectively as
µtot(β; q) ≈ β
2 + 2
β
√
β2 + 4
+
1
16
[
256
(
β2 + 4
) (
β2 + 18
)
+ 6144
(
β2 + 4
) (
q2 − 1)
+2025pi2 − 12288β2 − 49152
]
+ · · · (4.12)
10
and
µcent(β; q) ≈ (β
2 + 3)β
β2 + 2
− β (β
2 + 2)
5
6144 (β2 + 4)8
[
− 256 (β2 + 4) (β4 + 9β2 − 2)
+2025pi2 + 3072β2
(
β2 + 4
)
+ 6144
(
q2 − 2) (β2 + 4) ]+ · · · . (4.13)
We have plotted diagrams of the equations (4.11), (4.12) and (4.13) in fig-
ures 5, 6 and 7 respectively by regarding different values of the dimensionless
charge q. Figures 5 and 6 show that parity of the images obtained in case
|q| > qph is exchanged with respect to ones which obtained in case |q| < qph.
Behavior of magnification-weighted centroid is different (figure 7), namely,
it increases monotonically for |q| < qph but not for |q| > qph. Also the mag-
nification (and total magnification) of the Einstein rings reduces to infinity
for different values of scalar charge |q|. In case |q| < qph (i.e. black hole and
weakly naked singularity), divergence rate increase by increasing values of
scalar charge but not in case |q| > qph (i.e. strongly naked singularity).
5 Concluding remarks
In this paper, we calculated light ray deflection angles with respect to im-
pact parameter for regular Bardeen black hole. This metric contains two
characteristics namely charge g and mass m. The photon sphere of black
hole appears (disappears) in region of |q| < qph (|q| > qph) where we de-
fined q = g/2m. Applying perturbation series expansion method presented
by Keeton et al., we obtained Taylor series expansion of corresponding non-
relativistic primary and secondary image positions and also magnifications
(total and centroid) as functions of the source position β. Physical effects
of scalar charge were studied on the parity of images and also the radius of
Einstein rings. We have found that for RBH and WNS, the deflection angle
decreases, by increasing |q|. But there are happened different behaviour for
SNS. The non-relativistic image positions become closer to each other for dif-
ferent values of charge parameter by increasing the source angular position
β. The magnification (and total magnification) of images diverges to infinite
value on the location of Einstein rings β = 0 for all values of the scalar charge.
Image parity formed from SNS lens are different with respect to image parity
made from RBH or WNS lens. Intensity of magnification-weighted centroid
11
in case of SNS is also different with respect to cases RBH or WNS by in-
creasing β. There is not obtained remarkable difference in the observable
quantities as deflection angle, image position and any type of magnification
in each cases of RBH and WNS lensing.
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Figure 1: Diagram of the horizon (dotted-line) and photon sphere radiuses (solid-
line) are plotted against dimensionless scalar charge q.
14
Figure 2: Diagram of deflection angle α is plotted against dimensionless impact
parameter u.
15
Figure 3: Gravitational lensing configuration. α, b and r0 are respectively de-
flection angle, impact parameter and closest approach distance of the light ray. B
and ϑ are the angular positions of source and image measured from the optical
axis. Position of the source, the lens and the observer are called by S, L and O.
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Figure 4: Diagram of image positions θ are plotted against source position β.
17
Figure 5: Diagram of magnification µ is plotted against source position β.
18
Figure 6: Diagram of total magnification µtot is plotted against source position
β.
19
Figure 7: Diagram of the magnification-weighted centroid µcent is plotted against
source position β.
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